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We’ve seen that a rotation of a 3-d vector vvv about an axis with unit normal

n̂nn perpendicular to vvv into the rotated vector vvvθ can be written in terms of
quaternions as

vθ = eθnv = ve−θn (1)

where the non-bold font indicates a pure vector quaternion corresponding
to the vector in bold font. That is, we have

v = (0,vvv) (2)

and similarly for the other quaternions and vectors. [A reminder at this
point that eθn = cosθ+nsinθ.]

We need to generalize this to a rotation of vvv about some axis n̂nn that is not
necessarily perpendicular to vvv. The easiest way to do this is to recognize
that we can express vvv as a sum of a vector vvv‖ parallel to n̂nn and a compo-
nent vvv⊥ that is perpendicular to n̂nn. Rotating vvv‖ about an axis parallel to
itself won’t change vvv‖, while rotating vvv⊥ is the same operation that we have
already seen in 1. So, in terms of quaternions, we have a general formula:

vθ = v‖+ e
θnv⊥ (3)

While this is a solution of sorts, it’s not in the most convenient form as
we still need to calculate v‖ and v⊥. We’d ideally like to find a solution in
terms of only v and n. We can do this by a bit of a trick. We write 3 in the
form

vθ = eθn/2e−θn/2v‖+ e
θn/2eθn/2v⊥ (4)

We now recall the multiplication formulas for pure vector quaternions:

nv =−n̂nn ·vvv+ n̂nn×vvv
vn=−n̂nn ·vvv− n̂nn×vvv (5)

In the first term in 4, we have
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nv‖ =−n̂nn ·vvv‖+ n̂nn×vvv‖ =−n̂nn ·vvv‖ (6)
v‖n=−n̂nn ·vvv‖− n̂nn×vvv‖ =−n̂nn ·vvv‖ = nv‖ (7)

This follows because n̂nn is parallel to vvv‖ so n̂nn× vvv‖ = 000. Thus for parallel
vectors, multiplication is commutative, so we can write for the first term in
4

eθn/2e−θn/2v‖ = eθn/2v‖e
−θn/2 (8)

For v⊥, n̂nn ·vvv⊥= 0 and, from 5, we have nv⊥=−v⊥n, so the second term
in 4 is

eθn/2eθn/2v⊥ = eθn/2v⊥e
−θn/2 (9)

We can therefore write 4 as

vθ = eθn/2v‖e
−θn/2 + eθn/2v⊥e

−θn/2 (10)

= eθn/2 (v‖+v⊥)e−θn/2 (11)

= eθn/2ve−θn/2 (12)

We now have a nice compact formula for the rotation about any axis, written
entirely in terms of the original vector and the rotation axis.

One final comment about some jargon. Recall that the conjugate of a
quaternion is obtained by replacing the base quaternions i, j,k by their neg-
atives. We have

eθn/2 = cos
θ

2
+nsin

θ

2
(13)

= cos
θ

2
+ sin

θ

2
(nxi+nyj+nzk) (14)

The conjugate of this is

cos
θ

2
− sin

θ

2
(nxi+nyj+nzk) = e−θn/2 (15)

Thus if we define q ≡ eθn/2 and the conjugate by q′, we can write the rota-
tion formula as

vθ = qvq′ (16)
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